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GENERIC SINGULARITIES OF 3D PIECEWISE SMOOTH
DYNAMICAL SYSTEMS
OTA´VIO M. L. GOMIDE AND MARCO A. TEIXEIRA
Abstract. The aim of this paper is to provide a discussion on current direc-
tions of research involving typical singularities of 3D nonsmooth vector fields.
A brief survey of known results is presented.
The main purpose of this work is to describe the dynamical features of a
fold-fold singularity in its most basic form and to give a complete and detailed
proof of its local structural stability (or instability). In addition, classes of all
topological types of a fold-fold singularity are intrinsically characterized. Such
proof essentially follows firstly from some lines laid out by Colombo, Garc´ıa,
Jeffrey, Teixeira and others and secondly offers a rigorous mathematical treat-
ment under clear and crisp assumptions and solid arguments.
One should to highlight that the geometric-topological methods employed
lead us to the completely mathematical understanding of the dynamics around
a T-singularity. This approach lends itself to applications in generic bifurca-
tion theory. It is worth to say that such subject is still poorly understood in
higher dimension.
1. Introduction
Certain aspects of the theory of nonsmooth vector fields has been mainly moti-
vated by the study of vector fields near the boundary of a manifold. Concerning this
topic, many authors provided results and techniques which have been very useful in
piecewise-smooth systems. It is worthwhile to cite in the 2-dimensional case works
from Andronov et al, Peixoto, Teixeira (see [1, 19, 24]) and in higher dimensions
the works from Sotomayor and Teixeira, Vishik and Percell (See [23, 32, 20]). In
particular, in [32] (1972), Vishik provided a classification of generic points lying in
the boundary of a manifold, through techniques from Theory of Singularities.
Many papers have contributed to the analysis and generic classification of sin-
gularities of 2D Filippov systems (Kuznetsov et al, Guardia et al, Kozlova among
others, see [12, 14, 15]). Specifically with respect to the fold-fold singularity we
point Ekeland (See [6]) and Teixeira (See [26]). Regarding the n-dimensional prob-
lem, we point out the work from Colombo and Jeffrey (see [9]) which analyzes an
n-dimensional family having a two-fold singularity, nevertheless the generic classi-
fication for n > 2 is much more complicated and still poorly understood.
As far as we know, the first approach where a generic 3D fold-fold singularity was
studied was offered by Teixeira in [25] (1981) where one finds a discussion on some
features of the first return mapping that occurs around this singularity. Maybe due
to this fact, the invisible fold-fold singularity is known as T-singularity.
In [10] (1988), Filippov provided a mathematical formalization of the theory
of nonsmooth vector fields. In the last chapter of [10], Filippov studied generic
singularities in 3D nonsmooth systems, and a systematic mathematical analysis
of the behavior around a fold-fold singularity was officially arisen. However, most
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of proofs were only roughly sketched and would require a better explanation and
interpretation. In particular, the proofs of the results concerning the fold-fold
singularity were obscure and unfinished. Many works appeared lately trying to
explain it (See [7, 8, 11, 22, 28]).
In [28], Teixeira established necessary conditions for the structural stability of the
fold-fold singularity and he proved that it is not a generic property. Nevertheless,
the case of the invisible fold-fold point having a hyperbolic first return map was
not understood. He also provided results concerning asymptotic stability.
In [7, 8, 11], Jeffrey et al also studied the problem of the classification of the
structural stability around a fold-fold singularity. More specifically, in [11], the
authors studied the behavior of a 2-parameter semi-linear model Zα,β having a T-
singularity at Z0,0. By studying the first return map explicitly, they have found
countably many curves γk in a region of the parameter space, where the topological
type βk of a system in γk satisfies βk 6= βl provided k 6= l. Moreover, they predict
the existence of classes of structural stability between the curves γk in this region.
Guided by these results, we show that in the considered region of the parameter
space, a general Filippov system Z having a T-singularity at p always has a first re-
turn map with complex eigenvalues. It brings several consequences to the behavior
of Z around p, in particular, it produces a foliation of this region in the parameter
space depending on the argument of the eigenvalues of Z such that, two systems
in different leaves are not topologically equivalent near the T-singularity, which
means that there is no class of stability in this region of parameters. It provides a
negative answer to the questions raised in [11] concerning the validity of the results
for general Filippov systems around a T-singularity.
A 3D-fold-fold singularity is an intriguing phenomenon that has no counterparts
in smooth systems, and the complete characterization of the local structural stabil-
ity of a 3D-nonsmooth system around an elliptic fold-fold singularity has been an
open problem over the last 30 years. In this work, we believe that all mathematical
existing gaps were filled up and the precise statement of results and proofs were
well established.
It is worth to mention that the methods and techniques used in this paper provide
a solution from a geometric-topological point of view. In addition, we present a
generic and qualitative characterization of a fold-fold singularity, in order to clarify
any fact concerning the generality of the results.
2. Setting the Problem
In what follows we summarize a rough overall description of the basic concepts
and results in order to set the problem.
2.1. Filippov Systems. For simplicity, let M be a connected bounded region of
R3 and let f : M → R be a smooth function having 0 as a regular value, therefore
Σ = f−1(0) is a compact embedded codimension one submanifold of M which splits
it in the sets M± = {p ∈M ;±f(p) > 0}.
Denote the set of germs of vector fields of class Cr at Σ by χr. Endow χr with
the Cr topology and consider Ωr = χr × χr with the product topology.
If Z = (X,Y ) ∈ Ωr then, a nonsmooth vector field is defined in some neigh-
borhood V of Σ in M as follows:
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(1) Z(p) = F (p) + sgn(f(p))G(p),
where F (p) = X(p)+Y (p)2 and G(p) =
X(p)−Y (p)
2 .
Definition 1. The Lie derivative of f in the direction of the vector field X ∈ χr
at p ∈ Σ is defined by Xf(p) = X(p) · ∇f(p). The tangency set of X with Σ is
given by SX = {p ∈ Σ; Xf(p) = 0}.
If X1, · · · , Xn ∈ χr, the higher order Lie derivatives are defined as:
Xn · · ·X1f(p) = Xn(Xn−1 · · ·X1f)(p),
i.e. Xn · · ·X1f(p) is the Lie derivative of the smooth function Xn−1 · · ·X1f in
the direction of the vector field Xn at p. In particular, X
nf(p) denotes the Lie
derivative Xn · · ·X1f(p), where Xi = X, for i = 1, · · · , n.
If Z = (X,Y ) ∈ Ωr, then the switching manifold Σ generically splits into three
distinct open regions:
• Crossing Region: Σc = {p ∈ Σ; Xf(p)Y f(p) > 0};
• Stable Sliding Region: Σss = {p ∈ Σ; Xf(p) < 0, Y f(p) > 0};
• Unstable Sliding Region: Σus = {p ∈ Σ; Xf(p) > 0, Y f(p) < 0}.
Consider the sliding region of Z as Σs = Σss ∪ Σus.
(a) (b) (c)
Σ
X
Y
Figure 1. Regions in Σ: Σc in (a), Σss in (b) and Σus in (c).
The tangency set of Z will be referred as SZ = SX ∪ SY . Notice that Σ is the
disjoint union Σc ∪ Σss ∪ Σus ∪ SZ .
The concept of solution of Z follows Filippov’s convention. More details can be
found in [10, 12, 31].
We highlight that the local solution of Z = (X,Y ) ∈ Ωr at a point p ∈ Σs is
given by the sliding vector field:
(2) FZ(p) =
1
Y f(p)−Xf(p) (Y f(p)X(p)−Xf(p)Y (p)) .
Remark 1. Notice that FZ is a vector field tangent to Σ
s. The singularities of FZ
in Σs are called pseudo-equilibria of Z.
Definition 2. If p ∈ Σs, the normalized sliding vector field is defined by:
(3) FNZ (p) = Y f(p)X(p)−Xf(p)Y (p).
Remark 2. If R is a connected component of Σss, then FNZ is a re-parameterization
of FZ in R, then they have exactly the same phase portrait. If R is a connected
component of Σus, then FNZ is a (negative) re-parameterization of FZ in R, then
they have the same phase portrait, but the orbits are oriented in opposite direction.
If Z = (X,Y ) ∈ Ωr, consider all the integral curves of X in M+, all the integral
curves of Y in M− and the integral curves of FZ in Σs. In this work, any oriented
piecewise-smooth curve passing through q is considered as a solution of Z through
q.
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2.2. Σ-Equivalence. An orbital equivalence relation is defined in Ωr(M) as fol-
lows:
Definition 3. Let Z0, Z ∈ Ωr be two germs of nonsmooth vector fields. We say
that Z0 is topologically equivalent to Z at p if there exist neighborhoods U and V
of p in M and an order-preserving homeomorphism h : U → V such that it carries
orbits of Z0 onto orbits of Z, and it preserves Σ, i.e. h(Σ ∩ U) = Σ ∩ V .
The concept of local structural stability at a point p ∈ Σ is defined in the natural
way.
Definition 4. Z0 ∈ Ωr is said to be Σ-locally structurally stable if Z0 is locally
structurally stable at p, for each p ∈ Σ.
Denote the space of germs of nonsmooth vector fields Z ∈ Ωr which are Σ-locally
structurally stable by Σ0.
2.3. Reversible mappings. The concepts in this section will be used in the sequel.
Definition 5. A germ of involution at 0 is a Cr germ of diffeomorphism ϕ : R2 →
R2 such that ϕ(0) = 0, ϕ2(x, y) = (x, y) and det[ϕ′(0, 0)] = −1.
The set of germs of involutions at 0 is denoted by Ir and it is endowed with the
Cr topology. Consider W r = Ir × Ir endowed with the product topology.
Definition 6. Let ϕ = (ϕ0, ϕ1), ψ = (ψ0, ψ1) ∈ W r be two pairs of involutions
at 0. Then ϕ and ψ are said to be topologically equivalent at 0 if there exists
a germ of homeomorphism h : (R2, 0) → (R2, 0) which satisfies hϕ0 = ψ0h and
hϕ1 = ψ1h, simultaneously.
The local structural stability of a pair of involutions in W r is defined in the
natural way. The proof of the next theorem can be found in [25] such as more
details about involutions.
Theorem 1. A pair of involutions (ϕ,ψ) is locally and simultaneous structurally
stable at 0 if and only if 0 is a hyperbolic fixed point of the composition ϕ ◦ ψ.
Moreover, the structural stability in the space of pairs of involutions is not a generic
property.
3. Statement of the main results
Define the following subsets of Ωr:
• Σ(G): Z ∈ Ωr such that each point p ∈ Σ is either a tangential singularity
or a regular-regular point.
• Σ(R): Z ∈ Ωr such that for each regular-regular point p ∈ Σ of Z we have
either p ∈ Σc or p ∈ Σs and, in the second case, p is either a regular point
or a hyperbolic singularity of FZ ;
• Σ(H): Z ∈ Ωr such that for each visible fold-fold point p ∈ Σ, the normal-
ized sliding vector field FNZ has no center manifold in Σ
s.
• Σ(P ): Z ∈ Ωr such that for each invisible-visible point p ∈ Σ, the normal-
ized sliding vector field FNZ is either transient in Σ
s or it has a hyperbolic
singularity at p. Moreover, if φX is the involution associated to Z then it
satisfies:
(1) φX(SY ) t SY at p;
(2) FNZ and φ
∗
XF
N
Z are transversal at each point of Σ
ss ∩ φX(Σus);
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(3) φX(SY ) t FNZ in a neighborhood of p.
• Σ(E): Z ∈ Ωr such that for each T-singularity p ∈ Σ, the first return map
φZ associated to Z has a fixed point at p of type saddle with both local
invariant manifolds Wu,sloc contained in Σ
c.
Remark 3. If Z has a visible-invisible fold-fold singularity at p, then the roles of
X and Y in the condition Σ(P ) are interchanged.
The main result of this work is the following theorem.
Theorem A. Z ∈ Ωr is locally structurally stable at a T-singularity p if and only
if it satisfies condition Σ(E) at p.
The following theorem is proved in [10, 7] and a detailed proof clarifying some
obscure points is exhibited.
Theorem B. i) Z ∈ Ωr is locally structurally stable at a hyperbolic fold-fold
singularity p if and only if it satisfies condition Σ(H) at p.
ii) Z ∈ Ωr is locally structurally stable at a parabolic fold-fold singularity p if
and only if it satisfies condition Σ(P ) at p.
Theorem C. Σ0 = Σ(G) ∩ Σ(R) ∩ Σ(H) ∩ Σ(P ) ∩ Σ(E).
Theorem D. Σ0 is not residual in Ω
r.
As a corollary of the characterization Theorem 3, we obtain:
Corollary E. i) Σ0 is an open dense set in Σ(E). Moreover, Σ(E) is maxi-
mal with respect to this property.
ii) If Z /∈ Σ(E) then Z has ∞-moduli of stability.
In addition, if Z has a T-singularity at p and φZ has complex eigenvalues, then
a neighborhood V of Z in Ωr is foliated by codimension one submanifolds of Ωr
corresponding to the value of the argument of the eigenvalues of the first return map.
Moreover, the topological type along the corresponding leaf is locally constant.
We conclude that the local behavior around a T-singularity implies in the non-
genericity of Σ0 in Ω
r.
4. Generic Singularities
In this section, we provide a classification of the generic points of Σ.
Definition 7. Let Z = (X,Y ) ∈ Ωr, a point p ∈ Σ is said to be a tangential
singularity of Z if Xf(p)Y f(p) = 0 and X(p), Y (p) 6= 0.
Definition 8. Let Z = (X,Y ) ∈ Ωr, a point p ∈ Σ is said to be a Σ-singularity of
Z if p is either a tangential singularity or a pseudo-equilibrium of FZ . Otherwise,
it is said to be a regular-regular point of Z
Definition 9. Let Z = (X,Y ) ∈ Ωr. A tangential singularity p ∈ Σ is said to be
elementary if it satisfies one of the following conditions:
(FR) - Xf(p) = 0, X2f(p) 6= 0 and Y f(p) 6= 0 (resp. Xf(p) 6= 0, Y f(p) = 0 and
Y 2f(p) 6= 0). In this case, p is said to be a fold-regular (resp. regular-fold)
point of Σ.
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(CR) - Xf(p) = 0, X2f(p) = 0, X3f(p) 6= 0 and Y f(p) 6= 0 (resp. Xf(p) 6= 0,
Y f(p) = 0, Y 2f(p) = 0 and Y 3f(p) 6= 0), and {df(p), dXf(p), dX2f(p)}
(resp. {df(p), dY f(p), dY 2f(p)}) is a linearly independent set. In this
case, p is said to be a cusp-regular (resp. regular-cusp) point of Σ.
(FF) - If Xf(p) = 0, X2f(p) 6= 0, Y f(p) = 0, Y 2f(p) 6= 0 and SX t SY at p. In
this case, p is said to be a fold-fold point of Σ.
Definition 10. Define Ξ0 as the set of all germs of nonsmooth vector fields Z ∈ Ωr
such that, for each p ∈ Σ, either p is a regular-regular point of Z or p is an
elementary tangential singularity.
From [32], we derive the following result:
Proposition 1. Ξ0 is an open dense set of Ω
r.
In order to classify Σ0, we assume, without loss of generality, that p is either a
regular-regular point or an elementary tangential singularity.
The next step is devoted to characterize the locally structurally stable systems
at generic singularities.
Lemma 1. Let Z = (X,Y ) ∈ Ωr and assume that R is a connected component of
Σs. Then:
(1) The sliding vector field FZ is of class Cr and it can be smoothly extended
beyond the boundary of R.
(2) If p ∈ ∂R is a fold-regular point of Z, then FZ is transverse to ∂R at p.
(3) If p ∈ ∂R is a cusp-regular point of Y , then FZ has a quadratic contact
with ∂R at p.
This result is proved in [28]. It is a very useful tool to construct topological
equivalences.
Theorem 2. Let Z = (X,Y ) ∈ Ωr, then:
(1) Z is locally structurally stable at a regular-regular point p ∈ Σ if and only
if Z satisfies Σ(R) at p.
(2) Z is locally structurally stable at any fold-regular singularity p ∈ Σ.
(3) Z is locally structurally stable at any cusp-regular singularity p ∈ Σ.
The proof of this result can be found in [10, 12].
5. Fold-Fold Singularity
5.1. A Normal Form. In this section we derive a normal form to study the fold-
fold singularity and we present some consequences. This section is mainly motivated
by the normal form of a fold point obtained by S. M. Vishik in [32] and some variants
such as [7, 10, 11].
Proposition 2. If Z = (X,Y ) ∈ Ωr is a nonsmooth vector field having a fold-fold
point at p such that SX t SY at p, then there exists coordinates (x, y, z) around p
such that f(x, y, z) = z and Z is given by:
(4) X(x, y, z) =
 α1
δy
 and Y (x, y, z) =
 γ +O(|(x, y, z)|)β +O(|(x, y, z)|)
x+O(|(x, y, z)|2)
 ,
where δ = sgn(X2f(p)), sgn(γ) = sgn(Y 2f(p)), α, β, γ ∈ R.
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Outline. Use the coordinates (x, y, z) of Theorem 2 from [32] to put X in the form
X(x, y, z) = (0, 1, δy) and f(x, y, z) = z. Now, consider the Taylor expansion
of Y in this coordinate system and perform changes to put Y f(x, y, z) = x +
O(|(x, y, z)|2). 
Definition 11. If Z ∈ Ωr has a fold-fold singularity at p, then the coordinate
system of Proposition 2 will be called normal coordinates of Z at p and the
parameters of Z in the normal coordinates will be referred as normal parameters
of Z at p. Denote Z = Z(α, β, γ).
Remark 4. If γ = ±1, α = V + and β = V −, then this normal form and the
model used in [7, 8, 11], have the same semi-linear part. Geometrically, V + (V −)
measures the cotangent of the angle θ+ (θ−) between X(0) (Y (0)) and the fold line
SX (SY ). See [8] for more details.
Corollary 1. If Z = (X,Y ) ∈ Ωr is a nonsmooth vector field having a fold-fold
point at p such that SX t SY at p, then there exist coordinates (x, y, z) around p
defined in a neighborhood U of p in M , such that:
(1) f(x, y, z) = z;
(2) SX ∩ U = {(x, 0, 0); x ∈ (−ε, ε)}, for ε > 0 sufficiently small;
(3) SY ∩ U = {(g(y), y, 0); y ∈ (−ε, ε)}, for ε > 0 sufficiently small, where g
is a Cr function such that g(y) = O(y2), i.e., SY0 is locally a smooth curve
tangent to the y-axis.
Outline of the Proof. It follows directly from Proposition 2 and the Implicit Func-
tion Theorem. 
Proposition 3. Let Z = (X,Y ) ∈ Ωr be a nonsmooth vector field having a fold-fold
point at p such that SX t SY at p. Then, the normalized sliding vector field of Z
has a singularity at p and it is given by
(5) FNZ (x, y) =
(
α −δγ
1 −δβ
)
·
(
x
y
)
+O(|(x, y)|2),
in the normal coordinates of Z at p, where δ = sgn(X2f(p)), sgn(γ) = sgn(Y 2f(p)),
α, β, γ ∈ R.
Outline of the Proof. It follows directly from the expression of Z in this coordinate
system. 
Finally, we can classify a fold-fold singularity in four topologically distinct classes:
Definition 12. A fold-fold point p of Z = (X,Y ) ∈ Ωr is said to be:
• a visible fold-fold if X2f(p) > 0 and Y 2f(p) < 0;
• an invisible-visible fold-fold if X2f(p) < 0 and Y 2f(p) < 0;
• a visible-invisible fold-fold if X2f(p) > 0 and Y 2f(p) > 0;
• an invisible fold-fold if X2f(p) < 0 and Y 2f(p) > 0, in this case, p is
also called a T-singularity.
Remark 5. Notice that the visible-invisible case can be obtained from the invisible-
visible one by performing an orientation reversing change of coordinates. Also, we
refer a visible, invisible-visible/visible-invisible, invisible as a hyperbolic, parabolic,
elliptic fold-fold, respectively.
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(a) (b) (c) (d)
Σ
X
Y
Figure 2. Fold-Fold Singularity: (a) Hyperbolic, (b,c) Parabolic and (d) Elliptic.
5.2. Sliding Dynamics. In this subsection we discuss the sliding dynamics around
a fold-fold singularity. This is a matured topic which has been well developed in
[8, 10].
From Proposition 2 and Lemma 1, we already know the behavior of the slid-
ing vector field near a fold-fold singularity in a generic scenario (not only for the
truncated system).
Let Z = Z(α, β, γ) ∈ Ωr having a fold-fold singularity at p, and consider its
normalized sliding vector field FNZ in normal coordinates.
Consider:
R1E = {(α, β, γ) ∈ R2 × R+; αβ > γ and α < 0, β < 0}
R2E = R2 × R+ \R1I
R1H = {(α, β, γ) ∈ R2 × R−; αβ < γ and α > 0, β < 0}
R2H = R2 × R− \R1V
R1P = {(α, β, γ) ∈ R2 × R−; αβ < γ and β − α > −2
√−γ}
R2P = {(α, β, γ) ∈ R2 × R−; αβ < γ and α > 0}
R3P = {(α, β, γ) ∈ R2 × R−; αβ > γ, β + α > 0 and β − α < −2
√
γ}
R4P = {(α, β, γ) ∈ R2 × R−; αβ > γ, β + α < 0 and β − α < −2
√−γ}
We claim that:
Claim 1: If p is an elliptic fold-fold singularity and (α, β, γ) ∈ R1E then FZ has
an invariant manifold W in Σs passing through p and each orbit of FZ is transverse
to SZ and reaches p asymptotically to W (for a finite positive time in Σ
ss and
negative time in Σus).
Claim 2: If p is an elliptic fold-fold singularity and (α, β, γ) ∈ R2E then FZ has
an invariant manifold W in Σs passing through p and each orbit is transverse to
SZ and does not reach p, with exception of W .
Claim 3: If p is a hyperbolic fold-fold singularity and (α, β, γ) ∈ R1H (resp.
(α, β, γ) ∈ R2H ) then FZ is of the same type of claim 1 (resp. claim 2) for reverse
time.
Claim 4: If p is a parabolic fold-fold singularity and (α, β, γ) ∈ R1P then each
orbit in Σss (resp. Σus) is transverse to SX (resp. SY ) and reaches SY (resp. SX)
transversally for a positive finite time. In this case we say that FZ has transient
behavior in Σs.
Claim 5: If p is a parabolic fold-fold singularity and (α, β, γ) ∈ R2P then there
exist two invariant manifolds W1 and W2 in Σ
s passing through p which divides
Σss (and Σus) in three sectors. The intermediate sector is of hyperbolic type and
in the other sectors the orbits are transversal to SZ and goes away from p (the
orientation of the orbits is given in Figure 3).
Claim 6: If p is a parabolic fold-fold singularity and (α, β, γ) ∈ R3P then there
exist two invariant manifolds W1 and W2 in Σ
s passing through p which divides
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Σss in three sectors. In the intermediate sector each orbit reaches p for a finite
positive time asymptotically to W1. In the left one each orbit is transverse to SY
and reaches p for a finite positive time asymptotically to W1. In the right one, each
orbit is transverse to SX and goes away from p. The behavior in Σ
us is similar and
can be seen in Figure 3.
Claim 7: If p is a parabolic fold-fold singularity and (α, β, γ) ∈ R4P then FZ
has the same behavior as in claim 6 for reverse time and changing the role of W1
and W2, SX and SY , right and left.
Claim 8: If (α, β, γ) is not in any of these regions then FZ presents bifurcations
in Σs.
All these claims can be straightforward verified by analyzing the linear part of
the normalized sliding vector field FNZ . We omitted the proofs due to the limitation
of space.
(a) (b) (c)
Σ
SX
SY
W
W W
W
W1
W2
W1
W2
W2
W1
R1E
R2E
R1H
R2H
R2P
R4P
R3P
R1P
α α α
β β β
Figure 3. Sliding dynamics near a fold-fold singularity of type elliptic (a), hyper-
bolic (b) and parabolic (c). In each case, the regions above are outlined in the
(α, β)-parameter space for a fixed value of γ.
6. Proofs of Theorems A and D
This section is devoted to prove Theorems A and D. In the sequel we develop
some Lemmas and Propositions which will lead us to the proof of the Theorems.
Assume that Z ∈ Ωr has a T-singularity at p. Therefore, we have a first return
map φ of Z defined around p. In order to study the local structural stability of
Z, it will be crucial to study the dynamics of φ. Now, we derive the existence and
some properties of ϕ.
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Lemma 2. Let Z = (X,Y ) ∈ Ωr be a nonsmooth vector field having a T-singularity
at p such that SX t SY at p. There exist two involutions φX : (Σ, p)→ (Σ, p) and
φY : (Σ, p)→ (Σ, p) associated to the folds X and Y such that:
• Fix(φX) = SX ;
• Fix(φY ) = SY ;
• φ = φX ◦ φY is a first return map of Z such that φ(p) = p.
The proof of Lemma 2 can be found in [5] (Lemma 1). A straightforward verifi-
cation shows the following results:
Lemma 3. If φ = ϕ ◦ ψ, where ϕ and ψ are involutions of R2 at 0, then φn ◦ ϕ =
ϕ ◦ φ−n and ψ ◦ φn = φ−n ◦ ψ, for each n ∈ Z.
Proposition 4. If φ = ϕ ◦ ψ, where ϕ and ψ are involutions of Σ at p, then the
invariant manifolds W s and Wu of φ at p are interchanged by ϕ and ψ in the
following way:
ψ(W s) ⊂Wu and ϕ(Wu) ⊂W s.
Now, using the normal coordinates of Z = (X,Y ) at an elliptic fold-fold sin-
gularity we obtain the following expressions for the associated involutions. Notice
that the involution φX is completely determined in these coordinates.
Lemma 4. Let Z = (X,Y ) ∈ Ωr be a nonsmooth vector field having a T-singularity
at p such that SX t SY at p. Consider the normal coordinates (x, y, z) of Z at p.
Then:
(6) φX(x, y) = (x− 2αy,−y) and φY (x, y) =
(
−x,−2β
γ
x+ y
)
+ h.o.t.,
in these coordinates, where α, β, γ are the normal parameters of Z at p.
Finally, we associate the local structural stability of Z at an elliptic fold-fold
singularity with the local structural stability of the pair of involutions associated
to Z.
Lemma 5. Let Z0 = (X0, Y0) ∈ Ωr such that p is a T-singularity for Z0. If
Z0 is locally structurally stable at p in Ω
r then the pair of involutions (φX0 , φY0)
associated to Z0 is locally and simultaneous structurally stable at 0 in W
r.
Proof. In fact, since p is a T-singularity of Z0, there exist neighborhoods V of Z0
in Ωr and V of p in M such that, each Z ∈ V has a unique Teixeira singularity at
q(Z) ∈ V ∩ Σ.
Consider the map F : V →W r given by:
(7) F (X,Y ) = (φX , φY ),
where φX and φY are the involutions at (0, 0) of R2 associated to X and Y , respec-
tively.
From the continuous dependence of solutions with respect to initial conditions
and parameters, it follows that F is a continuous map.
Moreover, there exists a neighborhood U of (φX0 , φY0) in W r, such that, for
each (τ, ψ) ∈ U , there exists a vector field Z = (X,Y ) ∈ V such that τ = φX and
ψ = φY , and it can be done in a continuous fashion.
Then, reducing V if necessary, it follows that F : V →W r is an open continuous
map.
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Since Z0 is locally structurally stable at p in Ω
r, V can be reduced such that
every Z ∈ V is topologically equivalent to Z0.
Now, if Z ∈ V, there exists a topological equivalence h : V1 → V2 between Z0
and Z, where V1 and V2 are neighborhoods of p in M and q(Z) ∈ V2.
In particular, it induces a homeomorphism h : Σ ∩ V1 → Σ ∩ V2 such that
h(p) = q(Z). Using coordinates, (x, y, z) around p and (u, v, w) around q(Z) such
that f(x, y, z) = z and f(u, v, w) = w, the induced homeomorphism h can be seen as
h : U1 → U2, where U1 and U2 are neighborhoods of (0, 0) in R2 and h(0, 0) = (0, 0).
Let (x, y) ∈ Σ − SX0 , then φX0(x, y) = ϕX0(t(x, y), (x, y, 0)). Now, since h is a
topological equivalence, it follows that:
h(φX0(x, y)) = ϕX(tX , h(x, y))).
Now, since (x, y) ∈ Σ− SX0 , it follows that h(x, y) ∈ Σ− SX , which means that
φX(h(x, y)) = ϕX(t(h(x, y)), h(x, y)), with t(h(x, y)) 6= 0.
Notice that h(x, y) 6= h(φX0(x, y)), since h is a homeomorphism and (x, y) 6=
φX0(x, y), which means that ϕX(tX , h(x, y)) ∈ Σ and ϕX(tX , h(x, y)) 6= h(x, y).
By uniqueness of t(h(x, y)) 6= 0, it follows that t(h(x, y)) = tX .
Hence,
(8) h(φX0(x, y)) = φX(h(x, y)).
It is trivial to see that 8 is also true when (x, y) ∈ SX0 , by observing that
h(SX0) = SX . Hence h is an equivalence between the involutions φX0 and φX .
Analogously, by changing the roles of X and Y , it can be shown that h is also
an equivalence between the involutions φY0 and φY .
We conclude that h is a (simultaneous) topological equivalence between the pairs
of involutions (φX0 , φY0) and (φX , φY ).
Since Z is arbitrary in V, it follows that every pair of involutions in U is topolog-
ically equivalent to (φX0 , φY0), and since U is open in W r, it follows that (φX0 , φY0)
is local and simultaneous structurally stable in W r. 
The following result is obtained by combining Theorem 1 and Lemma 5.
Proposition 5. Let Z0 ∈ Ωr having a T-singularity at p, and let (φX0 , φY0) be the
pair of involutions of R2 at (0, 0) associated to Z0. If 0 is not a hyperbolic fixed
point of φY0 ◦ φX0 , then Z0 is locally structurally unstable at p.
A simple computation of eigenvalues and eigenvectors allows us to study the
fixed point p of the first return map φ:
Lemma 6. Let Z = (X,Y ) ∈ Ωr be a nonsmooth vector field having a T-singularity
at p such that SX t SY at p. Let (α, β, γ) be the normal parameters of Z at p.
(1) If αβ(αβ − γ) ≤ 0, then 0 is not a hyperbolic fixed point of φ. In addition,
if αβ(αβ − γ) < 0, then φ has complex eigenvalues.
(2) If αβ(αβ−γ) > 0, then 0 is a saddle point of φ. In addition, if λ, µ are the
eigenvalues of φ such that |µ| < 1 < |λ|, and vµ, vλ are the correspondent
eigenvectors, then:
(a) If α > 0 and β > 0, then vµ, vλ ∈ Σs.
(b) If α > 0 and β < 0, then vµ ∈ Σc and vλ ∈ Σs.
(c) If α < 0 and β > 0, then vµ ∈ Σs, and vλ ∈ Σc.
(d) If α < 0 and β < 0 then vµ, vλ ∈ Σc.
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Figure 4. Regions of the (α, β)-parameter space with the corresponding behavior
of the first return map ϕ, for a fixed value of γ > 0.
Proposition 6. Let Z0 = (X0, Y0) ∈ Ωr be a germ of nonsmooth vector field
having a T-singularity at p. Let (α, β, γ) be the normal parameters of Z0 at p. If
αβ(αβ − γ) ≤ 0, then Z0 is locally structurally unstable at p.
Proof. It follows directly from Proposition 5 and the fact that p is not a hyperbolic
fixed point of the first return map φ0 = φX0 ◦ φY0 associated to Z0. In the sequel
we present an explicitly argument for the local structural instability of Z0. It is
mainly based on [4] and the Blow-up procedure (see [2]).
Let φ0 : (Σ, p) → (Σ, p) be the (germ of) first return map associated to Z0 at
p. From the conditions assumed in the Theorem, it follows that φ0 has eigenvalues
λ± = a ± ib, where a2 + b2 = 1. Using the normal form of Z0 and basic linear
algebra, it is easy to find coordinates (x, y) of Σ at p, such that:
φ0(x, y) = (ax− by, bx+ ay) +O(|(x, y)|2).
Consider the germs of functions h1, h2 : (R2, 0)→ (R2, 0), given by:
h1(x, y) = (x, y) and h2(x, y) =
√
x2 + y2(x, y).
Notice that h1, h2 are germs of homeomorphisms if we exclude the origin in their
domains.
If (x, y) 6= (0, 0), a straightforward computation shows that:
ψ0(x, y) = h
−1
2 ◦ φ0 ◦ h1(x, y) =
1√
x2 + y2
φ0(x, y).
Therefore, φ0 and ψ0 are topologically equivalent. Identifying (x, y) = x + iy
and writing ψ0 in polar coordinates, we obtain:
ψ0(re
iθ) = ei(θ+τ) + rΓ(r, θ),
where a+ ib = eiτ and Γ is a bounded function.
Hence, ψ0 is the blow-up of φ0 at the origin. If r → 0, ψ0 induces a diffeomor-
phism ψ0 : S
1 → S1, given by:
ψ0(θ) = θ + τ,
and the singularity of φ0 is brought to the circle S
1 with the dynamics induced by
ψ0.
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Figure 5. Blow-up of p into S1.
Let Z be a small perturbation of Z0, take it small enough such that the normal
parameters (α˜, β˜, γ˜) of Z are close enough to (α, β, γ).
If φ is the first return map associated to Z at the fold-fold point q(Z) ≈ p, then
it has eigenvalues λ˜± = a˜± ib˜.
Applying the same process to φ, we can blow-up its singularity q(Z) into S1,
and the dynamics in S1 is induced by ψ : S1 → S1, given by ψ(θ) = θ + τ˜ , where
a˜+ ib˜ = eiτ˜ .
Now, if h : V (p)→ V (q(Z)) is an equivalence between Z0 and Z, then h(SX0) =
SX . In adequate coordinates, it means that h(x, 0) = (f(x), 0), where f is a
homeomorphism of the real line such that f(0) = 0.
Notice that the motion of SX0 ∩ {x ≥ 0} (resp. SX ∩ {x ≥ 0}) around the
origin through φ0 (resp. φ) is given by the orbit γ0 = {ψ0n(0), n ∈ Z} (resp.
γ = {ψn(0), n ∈ Z}).
Since h is an equivalence, it follows that the orbits γ0 and γ have the same
topology. Nevertheless, if τ ∈ Q (resp. τ /∈ Q) we can take Z (sufficiently near of
Z0) such that τ˜ /∈ Q (resp. τ˜ ∈ Q). Therefore, γ0 is a periodic orbit and γ is dense
in S1 (resp. γ0 is dense in S
1 and γ is a periodic orbit).
It means that, when τ ∈ Q (and γ0 is periodic), the curves φn(SX) are tangent
to a finite number of directions at p, i.e., there exists m vectors v1, · · · , vm in TpΣ
such that Tpφ
n(SX) = span{vi(n)}, for some i(n) ∈ {1, · · · ,m}, for each n ∈ N.
Hence, we conclude that
⋃
φn(SX) has zero measure in Σ.
On the other hand, if τ /∈ Q (and γ0 is dense), we have that for each v ∈ TpΣ,
there exists a sequence φnk(SX), such that Tpφ
nk(SX) = span{vk}, and vk → v
when k →∞. We conclude that ⋃φn(SX) has full measure in Σ.
From these facts, we can see that the orbits φn0 (SX0) and φ
n(SX) do not have
the same topology.
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Figure 6. Behavior of SX when θ /∈ Q.
Now, a Σ-equivalence between Z0 and Z has to satisfy h(SX0) = SX and h◦φ0 =
φ ◦ h. Since φn0 (SX0) and φn(SX) have different topological type, it follows that
there is no Σ-equivalence between Z0 and Z.
We conclude that, in any neighborhood of Z0 in Ω
r we can find a nonsmooth
vector field Z such that Z0 is not topologically equivalent to Z at p. Therefore, Z0
is locally structurally unstable at p. 
Remark 6. Let τZ be the argument of the eigenvalues a± ib of the first return map
φ associated to Z.
If Z0 is a nonsmooth vector field satisfying the hypotheses of Proposition 6, then
a neighborhood V0 of Z0 in Ωr is foliated by codimension one submanifolds of Ωr
corresponding to the value of τZ , i.e., Z1 ∈ V0 and Z2 ∈ V0 lies on the same leaf if
and only if τZ1 = τZ2 .
The topological type of the first return map is locally constant along each leaf.
Moreover, if Z1 and Z2 are elements of V0 lying on different leaves of the foliation
then they are not topologically equivalent.
We conclude that Z0 has ∞ moduli of stability. (See [4, 16, 18] for more details.)
Now we can prove Theorem D.
Theorem 3. Σ0 is not residual in Ω
r.
Proof of Theorem D. It follows directly from Theorem 6. In fact, let Z0 ∈ Ωr and
let (α0, β0, γ0) be the normal parameters of Z0 at p, they satisfy α0β0(α0β0−γ0) <
0.
From continuity (and Implicit Function Theorem), there exist neighborhoods V
of Z0 in Ω
r and V of p in M such that, each Z has a T-singularity at q(Z) ∈ V .
Moreover, if we apply Proposition 2 to Z at q(Z), the normal parameters (α, β, γ)
of Z at q(Z) also satisfy αβ(αβ − γ) < 0.
From Theorem 6, each Z ∈ V is locally structurally unstable at the fold-fold
singularity q(Z) ∈ V ∩Σ. It means that each Z ∈ V is locally structurally unstable
at a point q(Z) ∈ Σ, hence each Z ∈ V is Σ-locally structurally unstable. Hence,
V ⊂ Ωr \ Σ0 and Σ0 is not residual in Ωr. 
Notice that the results obtained until this point are mainly concerned with the
foliation F generated by a nonsmooth vector field near a T-singularity. The sliding
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dynamics does not have influence on these results. Nevertheless, the existence of
sliding vector fields will be extremely important in the classification of the structural
stability of a T-singularity having a first return map with hyperbolic fixed point.
Proposition 7. Let Z0 = (X0, Y0) ∈ Ωr be a germ of nonsmooth vector field having
a T-singularity at p. Let (α, β, γ) be the normal parameters of Z0 at p. If either
αβ ≥ γ and α, β > 0 or αβ < 0, then Z0 is locally structurally unstable at p.
Proof. In the conditions of the theorem, we can use Lemma 6 to conclude that the
first return map φ0 of Z0 has a local invariant manifold of the saddle contained in
Σs.
Without loss of generality, assume that W s ⊂ Σs. Notice that the map φ20 has the
same invariant manifolds of φ0, but it has both positive eigenvalues 0 < λ < 1 < µ.
Generically, we have that the sliding vector field F0 is transverse to W
s ∩ Σss
for a small neighborhood of p. Let V = U ∩ Σs, where U is a neighborhood of p
such that F0 is transverse to W
s ∩ V .
p
SY
SX
W s
Figure 7. Vector field F0 near W
s.
Since λ > 0, we have that φ20(W
s) ⊂ φ20(V ) ∩ V. Moreover,
φ2n0 (W
s) ⊂ φ2n0 (V ) ∩ φ2(n−1)0 (V ) ∩ · · · ∩ φ20(V ) ∩ V,
for each n ∈ N.
Let Rn be the open set φ
2n
0 (V ) ∩ φ2(n−1)0 (V ) ∩ · · · ∩ φ20(V ) ∩ V . Notice that, in
each region φ2i0 (V ), we have a (push-forwarded) vector field
Fi = (φ
2i
0 )
∗(F0),
defined on it. Therefore, there are n + 1 vector fields defined on Rn. Moreover,
we can reduce Rn such that Fi and Fj are transversal at each point of Rn, for
i 6= j, generically. In fact, consider the expressions of φX , φY and FNZ in the
normal coordinates. Consider the curves γ±(t) = tv±, where v± are the eigenvectors
associated to the eigenvalues λ± of dφ20. A simple computation shows that:
F±ij (t) = det(Fi(γ±(t)), Fj(γ±(t))) = A
±
ij(α, β, γ)t
2 +O(t3),
where A±ij is a rational function depending on α, β and γ.
Clearly, if A±ij 6= 0, then Fi and Fj are transversal in a neighborhood of γ±. In
particular, they are transversal in a neighborhood of W s.
Since A±ij = 0, for each i, j = 0, 1, 2, defines a zero measure set in the parameter
space (α, β, γ), we achieved our goal.
Notice that, each vector field Fi in Rn defines a codimension one foliation Fi
of Rn (Rn is foliated by the integral curves of the vector field Fi). Moreover,
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(F0, · · · ,Fn) is in general position (by the reduction of Rn). In particular, for
n = 2, we obtain 3 foliations (F0,F1,F2) of R2. This is called a 3-web in R2 (see
[3] and [21]).
p
SY
SX
W s
Figure 8. Foliations F0,F1, and F2 originated from the vector fields F0, F1 and
F2, respectively, near W
s.
Since R2 is a 2-dimensional manifold, it follows that these foliations are struc-
turally unstable in the following sense. If (F˜0, F˜1, F˜2) are the foliations correspon-
dent to a nonsmooth vector field Z˜ ≈ Z0, then there exists at least one Z˜ such that
there is no homeomorphism h : R2 → R˜2 satisfying h(Fi) = F˜i, for every i = 0, 1, 2,
preserving the leaves of each foliation.
Clearly the property above has to be preserved by a Σ-equivalence, hence there
exists a Z sufficiently near of Z0 which is topologically different from Z0 near p.
The instability of Z0 at p follows directly from these facts. 
Remark 7. In general, the Theory of Webs used in the last Theorem is developed
for foliations on Cn. Nevertheless, we can identify Σ with C at p (since Σ is 2-
dimensional) and apply the results of this theory for this case.
Now, let Z0 = (X0, Y0) ∈ Ωr be a germ of nonsmooth vector field having a
Teixeira singularity at p. Let (α, β, γ) be the normal parameters of Z0 at p and
assume that αβ ≥ γ and α, β < 0.
Let Z ∈ Ωr be any small perturbation of Z0 and denote their first return maps by
φ and φ0, respectively. Our goal is to construct a topological equivalence between
Z and Z0.
Using the Implicit Function Theorem and the continuous dependence between
Z0 and its normal parameters, we can deduce the following result:
Lemma 7. There exists a neighborhood V of Z0 such that, for each Z ∈ V, FNZ
and FNZ0 have the same topological type and the first return map φ of Z has a saddle
at the origin with both local invariant manifolds in Σc.
Remark 8. In what follows, V will denote the neighborhood of Lemma 7.
Now we prove the existence of an invariant nonsmooth diabolo in an analytic
way, this result was achieved by M. Jeffrey and A. Colombo for the semi-linear case
(see [7]).
Proposition 8. Let Z0 = (X0, Y0) ∈ Ωr be a nonsmooth vector field having a T-
singularity at p such that the normal parameters (α, β, γ) of Z0 at p satisfy αβ ≥ γ
and α, β < 0. Then Z0 has a invariant nonsmooth diabolo D0 which prevents
connections between points of Σus and Σss through orbits of Z.
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Proof. From Lemma 7, it follows that the first return map φ0 = φX0 ◦φY0 associated
to Z0 has a hyperbolic saddle at p with both eigenvectors in Σ
c.
Notice that the local stable manifold of the saddle W s is tangent to the eigen-
vector v− correspondent to the eigenvalue λ and the local unstable manifold of
the saddle Wu is tangent to the eigenvector v− correspondent to the eigenvalue µ,
where |λ| < 1 < |µ|.
Moreover, W s and Wu are curves on Σ passing through p transverse to SX ∪SY
at p and W s t Wu at p (p is hyperbolic). Using coordinates (x, y) at p (which
put Z0 in the normal form 4), we can see that, SX0 = Fix(φX0) is the x-axis,
SY0 = Fix(φY0) is a curve tangent to y-axis at 0, and W
s and Wu are curves
passing through 0 contained in the second and the fourth quadrants which are
transverse to SX0 ∪ SY0 at 0.
Therefore we have the following situation:
SY0
SX0
W s
Wu
Now, from Proposition 4, it follows that φX0(W
u) ⊂ W s, but the image of a
point in the semi-plane {y > 0} through φX0 is a point in the semi-plane {y < 0}
by the construction of φX0 . It means that the branch of W
u in the second quadrant
has to be taken into the branch of W s in the fourth quadrant.
Also, φY0(W
s) ⊂ Wu. Notice that, SY0 splits R2 in two connected components,
C− and C+. From the construction of φY0 , the image of a point in C− through φY0
is a point in C+. It means that the branch of W
s in the fourth quadrant is taken
into the branch of Wu in the second quadrant.
These connections produce an invariant (nonsmooth) cone with vertex at the
fold-fold point which contains Σus in its interior. Analogously, we prove that there
exists an invariant (nonsmooth) cone with vertex at the fold-fold point which con-
tains Σss in its interior. These two cones produce the required nonsmooth diabolo
(see Figure 9). 
Remark 9. In another words, there is no communication between Σus and Σss in
this case.
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Figure 9. A nonsmooth diabolo D0 of Z0.
Now we proceed by constructing a homeomorphism between Z ∈ V and Z0.
Lemma 8. If Z ∈ V, there exists an order-preserving homeomorphism h : Σs(Z0)→
Σs(Z) which carries orbits of FZ0 onto orbits of FZ .
The proof of this lemma follows straightforward from Lemmas 7 and 1.
Definition 13. If φ : (R2, 0)→ (R2, 0) is a germ of diffeomorphism at 0 having a
saddle at 0, then the deMelo-Palis invariant of φ is defined as:
P (φ) =
log(|λ|)
log(|µ|) ,
where λ, µ are the eigenvalues of dφ(0) and |λ| < 1 < |µ|.
Remark 10. In fact, the deMelo-Palis invariant P is a moduli of stability for φ.
(See [16, 18].)
Proposition 9. If Z ∈ V, there exists a homeomorphism h : Σ → Σ which is a
continuous extension of the homeomorphism h : Σs(Z0)→ Σs(Z) given by Lemma
8, such that φ ◦ h = h ◦ φ0, i.e. it is a topological equivalence between φ and φ0.
Proof. The proof of this proposition is divided into steps.
Let h : Σs(Z0)→ Σs(Z) be the homeomorphism obtained in Lemma 8.
Notice that Z has a T-singularity at q(Z) ≈ p. Since FNZ0 and FNZ are transversal
to SZ0 \ {p} and SZ \ {q(Z)}, respectively, we can easily continuously extend h on
Σs(Z0):
h : Σs(Z0)→ Σs(Z),
via limit.
Step 1: The first task is to define a fundamental domain for the first return
maps, φ and φ0.
We will detail it for φ0. The process to construct the fundamental domain of φ
is completely analogous.
By the Linearization Theorem (see [13]), we may assume that φ0 is linear. More-
over, we can consider coordinates (x, y) of Σ at p such that:
φ0(x, y) = (λ0x, µ0y),
where λ0, µ0 are the eigenvalues of φ0 such that |µ0| < 1 < |λ0|.
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By the position of SX0 , SY0 and the invariant manifolds of the saddle, obtained
in Proposition 8, it follows that:
• SX0 is a curve passing through 0, with one branch in the first quadrant and
another in the fourth;
• SY0 is a curve passing through 0, with one branch in the first quadrant and
another in the fourth;
• SX0 is tangent to the line y = k0x;
• SY0 is tangent to the line y = K0x;
• 0 < k0 < K0.
We have the following situation:
W s
Wu
SX
SY
Σss
Σus
W s
Wu
SX
SY
Σss
Σus
Figure 10. Change of coordinates.
Without loss of generality, consider that SX0 = {y = k0x} and SY0 = {y = K0x}
and assume that these lines are the fixed points of φX0 and φY0 , respectively. It
will reduce our work, nevertheless it generates no loss of generality, since the same
can be done with the original sets.
From the existence of the invariant diabolo in Proposition 8, it follows that,
φ−10 (SX0) is a line in the same region of SX0 , moreover, its inclination is greater
than K0.
Define:
ω0 = {(x, y); k0x ≤ y ≤ K0x} and ω˜0 = φY0(ω0).
Notice that R0 = ω0 ∪ ω˜0 is the region delimited by the lines SX0 and φ−10 (SX0).
Now it is immediate that φn0 (SX0) → Wu when n → ∞ and φn0 (SX0) → W s
when n → −∞. Therefore, the first and the third quadrants are partitioned by
φn0 (R0), n ∈ Z.
In another words, if Q = {(x, y); xy > 0}, then
Q =
⋃
n∈Z
φn0 (R0).
Therefore, we say that R0 is the fundamental domain of φ0.
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φ−1(R0) φY (SX) ω˜0 SY ω0
SX
φ(R0)
Figure 11. Fundamental domain R0 = ω0 ∪ ω˜0 in the first quadrant.
Similarly, we can consider coordinates (x, y) of Σ at p such that:
φ(x, y) = (λx, µy),
where λ, µ are the eigenvalues of φ such that |µ| < 1 < |λ|. Therefore, there exists
R = ω ∪ ω˜, where ω is the region delimited by SX and SY and ω˜ = φY (ω).
Also Q =
⋃
n∈Z φ
n(R), and R is the region delimited by SX and φ
−1(SX).
In both cases, each orbit of φ0 (and φ) passes a unique time in each sector of the
partition of Q.
Step 2: Extending the domain of h into h : Q→ Q.
Notice that h : ω0 → ω is already defined (it is the homeomorphism h : Σs(Z0)→
Σs(Z) in these coordinates).
If q ∈ ω˜0, then q = φY0(q˜), for some q˜ ∈ ω0, therefore, define:
h(q) = φY (h(q˜)).
Clearly, it is a continuous extension of h from ω0 into R0. Now, we have defined
a homeomorphism h : R0 → R.
The extension to Q follows in a natural way (since it is defined in a fundamental
domain).
In fact, if q ∈ Q, there exists a unique q˜ ∈ R0 and a unique n ∈ Z, such that
q = φn0 (q˜). Define:
h(q) = φn(h(q˜)).
Clearly, h : Q→ Q is a homeomorphism satisfying:
h(φ0(q)) = φ(h(q)),
for each q ∈ Q.
Step 3: Extending h on both Wu and W s in a continuous fashion.
This is the most delicate part of the proof.
Consider an arbitrary continuous extension of h on W s.
Now, the difficult task is to continuously extend it to Wu, and it will be only
possible because:
P (φ0) = −1 = P (φ),
where P is the deMelo-Palis invariant.
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Only the extension in the first quadrant will be detailed. The extensions in the
other quadrants are similar.
We extend φ in the following way.
Fix w = (d, 0) ∈ Wu, then, there exists a sequence wi = φNi0 (yi) such that
Ni →∞ when i→∞ and yi is a sequence contained in SX0 ∩ {x, y > 0} such that
yi → 0 when i→∞, which satisfies:
lim
i→∞
φNi0 (yi) = w.
Notice that, the homeomorphism h is already defined for the sequence wi. Since
we want a continuous extension and an equivalence, we must define:
h(w) = lim
i→∞
h(φNi0 (yi)) = lim
i→∞
φNi(h(yi)).
Our work is to prove that the limit above exists. Then, h will be extended on
Wu by doing this process for every q ∈ [w, φ0(w)] and then extend it through the
images of this fundamental domain by φ0.
Now, we prove the existence of the limit.
Since φ0(SX0) = SX and φ
n(SX) ∈Wu, it follows directly that:
lim
i→∞
pi2(φ
Ni(h(yi))) = 0.
Therefore, pi2(h(w)) = 0 and it is well-defined. The problem happens for the
first coordinate. Consider:
(1) w = (d, 0);
(2) yi → 0, yi ∈ SX0 , for every i;
(3) Ni → such that φNi0 (yi) = wi → w;
(4) ti →∞, xi → x ∈W s such that yi = φti0 (xi).
x
xixi+1
~0
yi
yi+1
wi
wi+1
w
Wu
W s
SX0
Figure 12. Sequences (xi), (yi) and (wi).
Now, denote: di = pi1(wi), d˜1 = pi1(w˜i), y˜i = h(yi), ai = pi2(xi) and a˜i =
pi2(h(xi)). Hence, we must prove that d˜i converges.
Notice that, since h is continuously extended for W s, it follows that a˜i is a
convergent sequence. Let lim a˜i = a˜.
d˜1 = pi1(h(φ
Ni
0 (yi))) = λ
Nipi1(y˜i)
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Now, observe that:
y˜i = h(yi) = h(φ
ti
0 (xi)) = φ
ti(x˜i) = (λ
tipi1(x˜i), µ
tipi2(y˜i)).
Since y˜i ∈ SX = {y = kx}, it follows that:
pi1(y˜i) =
1
k
pi2(y˜i) =
1
k
µtipi2(y˜i).
Hence:
d˜i =
1
k
λNiµtipi2(y˜i),
and applying the logarithm, we obtain:
log(d˜ik) = Ni log(λ) + ti log(µ) + log(a˜i).
With the same process, we also obtain:
log(dik0) = Ni log(λ0) + ti log(µ0) + log(ai).
Since log(dik0) and log(ai) converge, it follows that Ni log(λ0) + ti log(µ0) con-
verges.
Now, using that P (φ0) = P (φ), it is immediate that Ni log(λ) + ti log(µ) con-
verges.
Since a˜i → a˜, it follows that d˜i converges and the proof is complete. 
Remark 11. Notice that, both φ and φ0 are composition of elements of W
r, there-
fore a perturbation of the first return map φ0 still is a composition of two invo-
lutions. Hence the diffeomorphism φ0 is perturbed only over the codimension one
submanifold P−1(−1) of Diff(R2, 0) (space of germs of diffeomorphisms at 0.).
It follows straightforward from the previous results:
Proposition 10. Let Z0 = (X0, Y0) ∈ Ωr be a germ of nonsmooth vector field
having a Teixeira singularity at p. Let (α, β, γ) be the normal parameters of Z0 at
p. If αβ ≥ γ and α, β < 0, then Z0 is locally structurally stable at p.
Finally, we conclude the proof of Theorem A:
Proof of Theorem A. Notice that Z satisfies condition Σ(E) at p if, and only if, the
normal parameters (α, β, γ) of Z at p satisfy αβ ≥ γ and α, β < 0.
The result follows directly from Propositions 6, 7 and 10, 
7. Proofs of Theorems B, C and Corollary E
In this section we intend to discuss the hyperbolic and the parabolic case of the
fold-fold singularity in order to complete the characterization of Σ0.
7.1. Hyperbolic Fold-Fold. Let Z = (X,Y ) ∈ Ωr be a nonsmooth vector field
having a hyperbolic fold-fold point at p such that SX t SY at p. Consider the
normal coordinates (x, y, z) of Z at p and let (α, β, γ) be the normal parameters
of Z at p. In this case we do not have any orbit of X or Y connecting points of
Σ, therefore the local structural stability of Z at p depends only on the sliding
dynamics which is generically characterized in section 5.2.
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Proposition 11. Let Z0 = (X0, Y0) ∈ Ωr be a nonsmooth vector field having a
visible fold-fold point at p such that SX0 t SY0 at p. Let (α0, β0, γ0) be the normal
parameters of Z0 at p. Then, Z0 is locally structurally stable at p if and only if
(α0, β0, γ0) ∈ R1H ∪R2H .
Outline. The first implication is obvious since FZ0 presents bifurcations in Σ
s. To
prove the converse, let (α0, β0, γ0) be the normal parameters of Z0 at p. Using
Implicit Function Theorem we can find a neighborhood V of Z0 in Ωr such that
every Z ∈ V has a hyperbolic fold-fold point q(Z) near p and the normal parameters
of Z at q(Z) are close to (α0, β0, γ0).
Now, it is easy to construct a germ homeomorphism h : Σ→ Σ carrying sliding
orbits of FZ0 onto sliding orbits of FZ . Extend it to a germ of homeomorphism
h : (M,p) → (M, q(Z)) using the flows in the same way of [10] (Lemma 3, page
271). 
7.2. Parabolic Fold-Fold. Let Z = (X,Y ) ∈ Ωr be a nonsmooth vector field
having an invisible-visible fold-fold point at p such that SX t SY at p. Consider
the normal coordinates (x, y, z) of Z at p, and let (α, β, γ) be the normal parameters
of Z at p.
Proceeding as in the elliptic case, Z has an involution φX associated to the
invisible fold of X, and remember that in the normal coordinates it is completely
known:
φX(x, y) = (x− 2αy,−y).
Now we use it to study the connections between sliding orbits, when they exist.
Lemma 9. Let Z = (X,Y ) ∈ Ωr be a nonsmooth vector field having an invisible-
visible fold-fold point at p such that SX t SY at p. Let (α, β, γ) be the normal
parameters of Z at p. Then, φX(SY ) t SY at p if and only if α 6= 0.
Proof. From Corollary 1, we have that SY = {(g(y), y); y ∈ (−ε, ε)}, for some ε >
0, where g is a smooth function with g(y) = O(y2). Therefore T0SY = span{(0, 1)}.
On the other hand, φX(SY ) = {(g(y)−2αy,−y); y ∈ (−ε, ε)}. Then T0φX(SY ) =
span{(−2α,−1)}. The result follows from these expressions 
Lemma 10. Let Z = (X,Y ) ∈ Ωr be a nonsmooth vector field having an invisible-
visible fold-fold point at p such that SX t SY at p. Let (α, β, γ) be the normal
parameters of Z at p. Then, φX(Σ
us) ∩ Σss = ∅ if and only if α > 0.
Proof. In fact, in these coordinates, SY = {(g(y), y); y ∈ (−ε, ε)}, and φX(SY ) =
{(g(y)− 2αy,−y); y ∈ (−ε, ε)}, for some ε > 0, where g is a smooth function with
g(y) = O(y2).
Therefore, T0φX(SY ) = span{(−2α,−1)}. The sliding region Σs is the region
delimited by SX and SY .
Since T0SY = span{(0, 1)} and T0SX = span{(1, 0)}, it follows that φX(SY ) ⊂
Σs if and only if α > 0.
We conclude the proof by noticing that, if φX(SY ) ⊂ Σc, then φX(Σus) ⊂ Σc.
Nevertheless, if φX(SY ) ⊂ Σs, then the region delimited by SY and φX(SY ) in Σus
is carried into the region delimited by SY and φX(SY ) in Σ
ss. 
Remark 12. In another words, there exist orbits of X in M+ connecting distinct
points in the sliding region Σs if and only if α > 0.
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Definition 14. If φ : Σ → Σ is a diffeomorphism and F is a vector field in Σ,
then define the reflected vector field of F by φ as φ∗F .
Remark 13. The reflected vector field of F by φ can also be referred as transport
of F by φ.
Lemma 11. Let Z = (X,Y ) ∈ Ωr be a nonsmooth vector field having an invisible-
visible fold-fold point at p such that SX t SY at p. Let (α, β, γ) be the normal
parameters of Z at p.
Assume that there exist a region S ⊂ Σus such that S˜ = φX(S) ⊂ Σss, and
suppose that S is maximal with respect to this property. If 2(α + β)(αβ − γ) 6= 0,
then FNZ and the transport of F
N
Z by φX are transversal vector fields defined in S˜.
Proof. Consider F0 = F
N
Z and F1 = φ
∗FNZ , where φX is the involution associated
to X.
Clearly, F0 and F1 are transversal at q ∈ Σ if and only if F0(q) and F1(q) are
linearly independent vectors.
Considering the normal coordinates (x, y, z) at p, define the following function:
(9) D(x, y) = det
(
F0(x, y)
F1(x, y)
)
.
Notice that D(x, y) 6= 0 if and only if F0 and F1 are transversal at (x, y).
Now, we use the expressions of the vector field in these coordinates to derive an
approximation for the function D.
Since φX is a linear involution, it follows that φ
−1
X = φX and dφX = φX ,
therefore:
(10)
F1(x, y) = dφX(F
N
Z (φ
−1
X (x, y)))
= φX(F
N
Z (φX(x, y)))
In order to compute D, we must analyze the influence of the higher order terms
in the computation of FNZ . From Proposition 2, we have that:
(11) X(x, y, z) =
 α1
−y
 and Y (x, y, z) =
 γ + F˜ (x, y, z)β + G˜(x, y, z)
x+ H˜(x, y, z)
 ,
where F˜ (x, y, z) = O(|(x, y, z)|), G˜(x, y, z) = O(|(x, y, z)|) and H˜(x, y, z) = O(|(x, y, z)|2).
Hence, the sliding vector field is given by:
FNZ (x, y) =
(
α γ
1 β
)
·
(
x
y
)
+
(
αH(x, y) + yF (x, y)
H(x, y) + yG(x, y)
)
,
where F (x, y) = F˜ (x, y, 0) = O(|(x, y)|), G(x, y) = G˜(x, y, 0) = O(|(x, y)|) and
H(x, y) = H˜(x, y, 0) = O(|(x, y)|2).
Using the expression of FNZ and φX(x, y)(x− 2αy,−y), we obtain:
D(x, y) = y2[−2(α+ β)(αβ − γ) + P1(x, y)] + yP2[x, y],
where P1(x, y) = O(|(x, y)|) and P2 = O(|(x, y)|).
In addition, P2(x, 0) ≡ 0, hence we can use Malgrange Preparation Theorem to
find a smooth function P3, such that P2(x, y) = yP3(x, y) and P3(x, y) = O(|(x, y)|).
With this, we conclude that
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D(x, y) = [−2(α+ β)(αβ − γ) + P (x, y)]y2,
where P (x, y) = O(|(x, y)|).
Now, if (α+ β)(αβ − γ) 6= 0, then the x-axis is the only solution of D(x, y) = 0,
near the origin. Therefore the vector fields F0 and F1 are transversal in the region
S ∪ S˜, since it does not contain points of the x-axis.

Remark 14. Notice that, in the curves α + β = 0 and αβ = γ, the higher order
terms may produce curves in S ∪ S˜ where the vector fields are not transversal, and
they can be broken by small perturbations (making α+ β 6= 0 or αβ 6= γ). Clearly,
this situation imply in the instability of the system.
Lemma 12. Let Z = (X,Y ) ∈ Ωr be a nonsmooth vector field having an invisible-
visible fold-fold point at p such that SX t SY at p. Let (α, β, γ) be the parameters
given by Proposition 2 associated to Z at p. If 2α(α + β) − γ 6= 0, then FNZ is
transversal to φX(SY ) in Σ
s.
Proof. In the coordinates of Proposition 2, we have that SY = {(g(y), y, 0); y ∈
(−ε, ε)}, for ε > 0 sufficiently small, where g is a Cr function such that g(y) = O(y2).
Therefore φX(SY ) = {(g(y) − 2αy,−y); y ∈ (−ε, ε)}. Since φX(SY ) is tangent
to the curve γ(y) = (−2αy,−y) at the origin, it is sufficient to prove that FNZ is
transversal to γ.
Clearly, FNZ is transversal to γ at γ(y) if and only if:
(12) T (y) = FNZ (γ(y)) · (γ′(y))⊥ 6= 0.
Now, we use the expression of FNZ in these coordinates to obtain an approxima-
tion of T . In fact,
FNZ (γ(y)) = F
N
Z (−2αy,−y) = (−2α2y − γy,−2αy − βy) +O(y2)
and
(γ′(y))⊥ = (−2α,−1)⊥ = (1,−2α).
Substituting these expressions in 12, we obtain:
T (y) = [2α(α+ β)− γ]y +O(y2)
Therefore, if the condition 2α(α + β) − γ 6= 0 is assumed and y 6= 0 then FNZ
is transversal to φX(SY ). Since Σ
s does not contain points where y 6= 0 (because
they belong to SX), the result follows. 
Remark 15. In the curve 2α(α + β) − γ = 0, the higher order terms can be
used to produce a curve such that FNZ is tangent to ϕX(SY ) in every point. Such
structurally unstable phenomena have to be avoided.
Proposition 12. Let Z0 = (X0, Y0) ∈ Ωr be a nonsmooth vector field having an
invisible-visible fold-fold point at p such that SX0 t SY0 at p. Let (α0, β0, γ0) be
the normal parametersof Z0 at p. Then, Z0 is locally structurally stable at p if and
only if:
(1) (α0, β0, γ0) ∈ ∪4i=1RiP ;
(2) α0 6= 0;
(3) 2α0(α0 + β0)− γ0 6= 0;
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(4) α0 + β0 6= 0, if α0 > 0.
Moreover, there exist only eleven topologically distinct classes of local structural
stable systems at invisible-visible fold-fold points.
Outline. Proceeding as is the proof of Theorem 11. Consider the neighborhood V
of Z0 such that the correspondent parameters (α, β, γ) of any Z ∈ V are in the
same region of (α0, β0, γ0).
Let Z = (X,Y ) ∈ V. If there is no orbits of X connecting points of Σss and Σus,
then the proof can be done in the following way. We omit some details in this case,
since it is very similar to the visible case.
• Construct h : Σs(Z0) → Σs(Z) carrying orbits of F0 onto orbits of FZ .
In addition extend it to SX0 ∪ SY0 via limit. Hence h(SX0) = SX and
h(SY0) = SY ;
• For each p ∈ Σ \ SX0 , there exists t0(p) 6= 0 such that ϕX0(t0(p), p) ∈ Σ.
Similarly, there exists t(p) 6= 0 for the vector field X;
• If p ∈ Σs, then h(p) is already defined. Assume that p ∈ Σc. If ϕX0(t0(p), p) ∈
Σs, then define:
h(p) = ϕX(−t(ϕX0(t0(p), p)), h(ϕX0(t0(p), p))).
• Using Tietze Extension Theorem, we can extend h over Σc;
• Now, using the same idea of the third item, we can extend it to the whole
Σ;
• Extend it to M+ using the flow of X0, X and h : Σ→ Σ;
• Following the same idea of the hyperbolic case, extend it to M−;
• Hence we construct a germ of homeomorphism h : M → M at p, with
h(p) = q(Z), which is an equivalence between Z0 and Z. Then Z0 is locally
structurally stable at p.
Suppose that there exists a connection between Σss and Σus for Z0 and Z.
Denote by S0 and S, the regions of Σ
s exhibiting connections.
From the previous Lemmas of this subsection, it is possible to say that F0 and
φ∗X0F0 are transversal in each point of S0, and the same works for FZ and φ
∗
XFZ
in S.
Therefore, the orbits of F0 and φ
∗
X0
F0 define a coordinate system in S0, such as
the orbits of FZ and φ
∗
XFZ in S.
Hence, let h be a function carrying SY0 onto SY , and h(0) = 0. Now we can use
these coordinate systems to extend h : S0 → S. Moreover, it satisfies:
h ◦ φX0 = φX ◦ h.
By the transversality of F0 to φX0(SY0) (resp. FZ to φX(SY )), it is possible
to extend h on Σs(Z0) using the sliding orbits. Then we have a homeomorphism
h : Σs(Z0)→ Σs(Z) carrying sliding orbits onto sliding orbits.
By construction, if x ∈ S, then φX(h(x)) = h(φX0(x)). With this, we can use
the same idea from the previous case without connections to extend such map to a
germ of homeomorphism h : M →M at p, with h(p) = q(Z), which is a topological
equivalence between Z0 and Z at p. 
7.3. Proof of Theorem B. Notice that Z satisfies condition Σ(H) at p if, and only
if, the normal parameters (α, β, γ) of Z at p satisfy the hypotheses of Proposition
11.
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Moreover, Z satisfies condition Σ(P ) at p if, and only if, the normal parameters
(α, β, γ) of Z at p satisfy the hypotheses of Proposition 12.
The result follows directly from Propositions 11, 12.
7.4. Proof of Theorem C. From Proposition 1 it follows that Σ0 ⊂ Σ(G).
The result follows from Theorem 2 and from Theorems A and B.
7.5. Proof of Corollary E. From the characterization of Σ0, we can see that
Σ(G), Σ(R), Σ(H), Σ(P ) are open dense sets in Ωr.
Nevertheless, we also prove that Σ(E) is not residual in Ωr. Therefore, it follows
that Σ0∩Σ(E) is open dense in Σ(E) and Σ(E) is the biggest set with this property.
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